Abstract: We evaluate ABJM observables at two loops, for any value of the rank N of the gauge group. We compute the color subleading contributions to the four-point scattering amplitude in ABJM at two loops. Contrary to the four dimensional case, IR divergent N-subleading contributions are proportional to leading poles in the regularization parameter. We then exploit the non-planar calculation for the amplitude to derive an expression for the two-loop Sudakov form factor at any N. In the planar limit the result coincides with the one recently obtained in literature by using Feynman diagrams and unitarity. Finally, we analyze the subleading contributions to the light-like four-cusps Wilson loop and interpret the result in terms of the non-abelian exponentiation theorem. All these perturbative results satisfy the uniform transcendentality principle, hinting at its validity in ABJM beyond the planar limit.
Introduction
In the past few years much progress has been achieved in the perturbative analysis of three dimensional Chern-Simons matter theories and especially of the ABJ(M) models [1, 2] . Beside its independent relevance in the context of AdS/CFT correspondence, the three dimensional setup proves to be a good playground to check whether the mathematical structures exhibited by N = 4 SYM have a counterpart in models which are a priori different in nature.
A striking example is provided by the emergence of integrable structures in the spectral problem of the ABJM theory, which has been formulated along the lines of the N = 4 SYM case and then extensively checked (see [3] for a review). With respect to integrability, the ABJM model looks surprisingly similar to N = 4 SYM and independent features only become relevant at high perturbative orders [4, 5] .
An indirect way to test the appearance of integrable structures is to study the on-shell sector of the theory. In the four-dimensional case a great effort has been devoted to the evaluation of scattering amplitudes, Wilson loops and form factors. These quantities have become important also in the context of AdS/CFT correspondence due to a number of remarkable stringy inspired properties they have been shown to possess. On-shell scattering amplitudes exhibit a duality with light-like Wilson loops [6] - [9] and correlators of BPS operators [10] , exponentiation [11] , enhanced dynamical symmetries like dual conformal [12, 13, 14] and Yangian invariance [15] and color/kinematics duality [16] .
Subsequently, following the seminal work of Van Neerven [17] , the perturbative computation of form factors and their supersymmetric extensions have been performed in N = 4 SYM up to three-loop order [18] - [23] . Form factors have also been studied at strong coupling [24, 25, 26] and conjectured to be dual to light-like periodic Wilson loops [24, 25, 19] . The existence of color/kinematics duality for form factors has also been proposed and verified in two and three-loop examples [27] .
In this respect the three-dimensional picture seems to slightly depart from the four dimensional case and, while a partial parallelism can still be traced, a precise definition of the above dualities requires more care. First, the tree-level four and six-point amplitudes have been found explicitly and Yangian invariance has been established [28, 29, 30] for all point amplitudes with the help of a three-dimensional form of BCFW recursion relations [31] .
At loop level explicit computations are available for the four and six-point case up to two loops. The four-point one-loop complete superamplitude is of O(ǫ) in dimensional regularization [32, 33, 34] . At two loops the planar amplitude can be written as a sum of dual conformal invariant integrals and has been found to coincide with the second order expansion of a light-like four-polygon Wilson loop [33, 34] . This points to the fact that a Wilson loop/scattering amplitude duality might exist even if a strong coupling interpretation of the duality is less straightforward [35] - [41] with respect to the four dimensional case [42, 43] . Moreover, the two-loop four-point ABJM amplitude surprisingly matches the amplitude of N = 4 SYM theory at one loop [33, 34] .
Beyond four points the connection with the four-dimensional case gets looser. In the ABJM model all the odd legs amplitudes are forced to be vanishing by gauge invariance. The six-point one-loop amplitude has been shown not to vanish [44, 45] contrary to the hexagon light-like Wilson loop [46, 47] . This suggests that if a WL/amplitude duality exists it must be implemented with a proper definition of a (super)Wilson loop.
At two loops the six-point amplitude has been computed analytically in [48] and shown to exhibit some similarity with the one-loop MHV amplitude in N = 4 SYM, even if the identification experienced for the four-point amplitude gets spoiled.
Very recently, an analysis of the form factors has been initiated also for the ABJM model, where computations for BPS operators have been performed through unitarity cuts [49] and component Feynman diagrams formalism [50] .
All the remarkable properties detailed above have been found to hold in the large N limit of N = 4 SYM and ABJM, which seems to be the regime where interaction simplifies in such a way that dualities and integrability can occur. Nevertheless, it is interesting to look at what happens to the subleading corrections of Wilson loops, amplitudes and form factors.
For scattering amplitudes in four dimensions their complete evaluation including subleading partial amplitudes is constrained by underlying BCJ relations [16] . These in turn are useful for determining gravity amplitudes as a double copy [51, 52, 53] . Moreover, interesting relations between the IR divergences of subleading N = 4 SYM amplitudes and N = 8 supergravity ones have been pointed out [54, 55, 56] . In three dimensions a proposal for BCJ like relations governed by a three algebra structure has been suggested [57] . Despite checks at tree level [58] , it would be interesting to understand how it applies to loop amplitudes. This, in fact, requires their knowledge at finite N.
Furthermore, the three dimensional BLG theory [59] - [62] , possessing OSp(4|8) superconformal invariance is realized as a SU(2) × SU(2) theory [63] , where the planar limit cannot be taken. Therefore inspection of BLG amplitudes at loop level inevitably requires working at finite N.
It is the purpose of this paper to tackle the computation of the four-point scattering amplitude, the four-cusped light-like Wilson loop and the form factor up to two loops at finite N.
For the ABJM scattering amplitude in Section 2, we use the supergraph approach of [34, 64] , which makes possible to complete the computation in terms of a limited number of Feynman diagrams. To get the subleading contributions it is necessary to add a new non-planar diagram, leading to a non-trivial non-planar integral which we solve explicitly in Appendix B. The result for the complete four-point amplitude is given in eq. (2.9). As a by-product, we also provide the full four-point scattering amplitude ratio of BLG theory, see eq. (2.18).
Infrared divergences also appear in the subleading-in-N contributions as poles in the dimensional regularization parameter. However, in contrast with the N = 4 SYM amplitude where subleading terms have milder divergences, the three dimensional amplitude exhibits a uniform leading ǫ −2 pole, both in the leading and subleading parts.
As we argue in the main text, this can be understood as a consequence of the different color structures underlying amplitudes in the two cases. In Section 3 we use the information collected in the computation of the amplitude to evaluate the bilinear Sudakov form factor at any value of N. Indeed, it turns out that the superspace computation of this object can be reduced to a sum of s-channel contributions given by a subset of diagrams involved in the amplitude, albeit with different color factors. Taking the planar limit our result matches the form factor given in [49, 50] and extend it to finite N for both ABJM and ABJ theory.
Finally, in Section 4 we give an expression for the two-loop subleading contributions to the light-like Wilson loop with four cusps. Subleading corrections emerge only in the pure Chern-Simons sector and give rise to a simple structure, which can be understood as a result of the non-abelian exponentiation property of Wilson loops [65, 66] and the vanishing of the one-loop contribution [46, 47] .
All the results we obtain exhibit uniform transcendentality two. This suggests that the maximal transcendentality principle [67, 68] likely applies to ABJM at finite N.
Subleading contributions to the four-point amplitude
As described in details in [34, 64] , the evaluation of the four-point amplitude in U(N)× U(N) ABJM theory at two loops is doable by a direct supergraph approach.
The preliminary observation that allows to simplify the calculation is that all ABJM amplitudes with four external particles are related by simple supersymmetric Ward identities [32] . As a consequence, the two-loop result for a particular component, divided by its tree level counterpart, is sufficient for reconstructing the whole superamplitude at that order.
It is then convenient to focus on a particular configuration of external particles for which a limited number of diagrams enters the calculation. In N = 2 superspace formulation 1 this is the case for chiral amplitudes, which can be easily read from quantum corrections to the superpotential once the external fields are set on-shell.
In [34, 64] this program has been carried out in the planar limit. While the oneloop contribution vanishes, non-trivial two-loop corrections are given by supergraphs depicted in Fig. 1 , for both terms appearing in the superpotential (A.2). Wavy lines represent the gauge superfields of the two U(N)'s. The sum over all possible configurations of V andV has to be understood.
In order to compute the complete amplitude we perform D-algebra on the graphs to reduce them to local expressions in superspace, proportional to ordinary loop inte-
a.
g. grals. These integrals are generally divergent and we deal with them by dimensional regularization, d = 3 − 2ǫ. Their explicit evaluation has been presented in [34, 64] . The result for the planar four-point amplitude divided by its tree level counterpart 2 , up to O(ǫ) terms reads This result exhibits very interesting properties. First of all, it can be obtained as a combination of dual conformally invariant integrals, as shown by a generalized unitarity computation [33] . It matches the form of the two-loop correction to the four-cusped light-like Wilson loop, hinting at a possible Wilson loop/amplitude duality in ABJM. Finally the expression of the two-loop ABJM amplitude ratio is exactly the same as the one-loop one in N = 4 SYM upon rescaling the dimensional regularization parameter ǫ and to order O(ǫ). This relation has been sharpened in [69] , where an all-order in ǫ identity has been derived between the two objects. The similarity with the N = 4 SYM amplitude and the fact that they obey the same anomalous conformal Ward identities suggests that the ABJM four-point amplitude can also exponentiate [33, 34, 69] . It has to be stressed that the Wilson loop/amplitude duality and dual conformal invariance are not supported at strong coupling by AdS/CFT arguments [70, 43] , as it is not clear whether fermionic T-duality could be a symmetry of the dual string sigma model [35] - [41] . Moreover, the duality with the bosonic Wilson loop doesn't extend beyond four points since n-point amplitudes are no longer MHV for n ≥ 6.
We now extend the previous result to the case of finite N.
np. This requires taking into account contributions from non-planar diagrams plus N-subleading terms in the color factor associated to each diagram. Performing a preliminary color decomposition of the amplitude, we expect single trace contributions appearing with a leading N 2 and a subleading N 0 behaviour, and double trace contributions with a subleading N behaviour.
As in the planar case, at one loop it turns out that the momentum integrals, when evaluated in dimensional regularization are O(ǫ) and therefore negligible.
At two loops, we have to consider the non-planar version of diagrams in Fig. 1 plus new genuinely non-planar graphs. In fact, it turns out that non-vanishing contributions only come from one new non-planar topology, depicted in Fig. 2 .
Evaluating the complete color structure of each diagram in Fig. 1 it turns out that double trace terms always cancel. Therefore, taking into account all channels and exploiting the results for the loop integrals in [34, 64] we can list the contribution from each diagram to the single trace partial amplitude, divided by its tree level counterpart
The loop integrals D have been defined in [34, 64] . Upon evaluation, they are given by
where
where G d is on-shell vanishing, but otherwise IR divergent
It gets cancelled between diagrams (c) and (g).
For the non-planar contribution of Fig. 2 we still experience the cancellation of double trace contributions, once we take into account all possible configurations of gauge vector superfields. The contribution to the partial amplitude divided by the tree level counterpart reads
where the non-planar Feynman integral
Taking its leading contributions in the ǫ-expansion we obtain
Now, summing these terms to the ones in eq. (2.2) suitably expanded in powers of ǫ, it is easy to see that simple poles can be reabsorbed into a redefinition of the regularization mass parameter µ ′2 = 8πe −γ E µ 2 , which is the same for both planar and non-planar contributions. The complete four-point amplitude at two loops then reads up to O(ǫ)
We note that the result exhibits uniform transcendentality. This is a first indication that the maximal transcendentality principle [67, 68] could apply to ABJM amplitudes beyond the planar limit, as is the case in N = 4 SYM in four dimensions [54] . We emphasize once again that along the calculation all double trace contributions have cancelled separately for each single topology, leading to a final result for the amplitude which contains only single trace terms. The technical reason for such a pattern can be traced back to the fact that, at least at this order, double trace contributions from diagrams with one gauge vector get compensated by analogous contributions where the other gauge vector runs inside the loops.
Even if the disappearance of double trace structures from the final result was not a priori expected, it has a simple interpretation in terms of unitarity, as we are now going to discuss in detail.
When constructing the whole two-loop four point amplitude from unitarity cuts, we have to take into account all two-particle cuts separating it into a one-loop and a tree level four-point amplitudes, as well as three-particle cuts dividing it into two five-point tree level amplitudes. Since the latter vanish, color structures do not emerge from three-particle cuts and we can focus on two-particle ones. We can concentrate for instance on the two-particle cut in the s-channel separating the amplitude into a one loop A In the color space and at any order in loops four-point amplitudes of the form ((A i )
) can be expanded on a basis of four independent structures, two single and two double traces (we remind that matter fields are in the bifundamental representation of the gauge group)
Using the results of [49] we see that at one loop A Combining the traces from the two lower order amplitudes to obtain the two-loop structure, for the selected channel we find
and
From these relations it is easy to see that all double traces cancel. Repeating the same analysis for all channels one can prove the absence of double traces in the two-loop amplitude.
IR divergences
The evaluation of the four-point amplitude at finite N reveals that IR divergences appear at two loops as double poles in ǫ, both in the leading and subleading terms. A comparison with the structure of IR divergences in N = 4 SYM amplitudes discloses a number of considerable differences.
First of all, while in N = 4 SYM amplitudes divergences already appear at one loop, in three dimensions the first singularity is delayed at second order. Based on this observation, in [33, 34, 64] a comparison between the planar four-point amplitude in N = 4 SYM at one loop and the same amplitude in ABJM at two loops has been discussed. A perfect identification between the two results, in particular for what concerns IR divergences, has been found upon rescaling ǫ → 2ǫ and formally identifying the mass scales. Instead, for finite N the subleading contributions spoil this identification.
To begin with, in N = 4 SYM double trace partial amplitudes appear already at one loop, while they are subleading in ǫ for the ABJM theory, at least up to two loops. Moreover, in the four dimensional case subleading contributions to the amplitude have milder IR divergences compared to the leading ones [54] . In fact, the leading ǫ −2L pole of a L-loop amplitude has been found to cancel in subleading contributions and the most subleading-in-color partial amplitude goes as ǫ −L . More generally, it has been proved that N k -subleading terms have at most ǫ −2L+k poles. Instead, for ABJM theory cancellation of leading poles does not occur at two loops and the leading and subleading partial amplitudes have the same leading singularity 1/ǫ 2 . This is basically due to the different color structures appearing in the two theories and can be better understood by constructing the two-loop operator which generates IR divergences in the ABJM theory, when applied to the tree level amplitude.
We can define an abstract color space spanned by the basis of four traces (2.10) onto which projecting chiral amplitudes of the form ((A i )
) . In such a space the whole amplitude is thus represented as a four-vector. For instance, the tree level amplitude is proportional to (1, −1, 0, 0) .
Following what has been done in four dimensions [71, 72] , we define the operator I (2) (ǫ) as a matrix acting on such a space and providing the IR divergences arising at second order coming from exchanges of two soft gluons between external legs
where we have defined
The action of such an operator on the tree level amplitude gives the structure of divergences for the complete four-point two-loop amplitude. In particular, when we apply it to the tree level vector (1, −1, 0, 0), double trace contributions cancel. This stems for the absence of double trace contributions in the ABJM two-loop amplitude. We note that the upper and lower 2 × 2 blocks on the right of matrix (2.16) are not required for our two-loop calculation. However, we have spelled them out for completeness: In principle, they might be required at higher orders if the IR divergences were to exponentiate in a similar manner to what happens in four dimensions.
It is interesting to compare this matrix with the analogous ones in QCD [72] and N = 4 SYM [54] at one loop. Apart from the different dimensions obviously due to the different dimensions of the corresponding color spaces, they share the same configuration of leading IR divergences: While the leading-in-N diagonal terms go like 1/ǫ 2 , the subleading-in-N off-diagonal terms go like 1/ǫ. However, the different structure of the tree-level amplitudes allows for the appearance of 1/ǫ divergent double trace contributions in four dimensions, which are not present in three dimensions.
BLG amplitude
BLG theory is the only model with OSp(4|8) superconformal invariance in three dimensions. It can be realized as an ABJM theory with gauge group SU(2) × SU (2) . Therefore, we can use the previous results to get the complete two-loop amplitude ratio.
Even though the gauge group is actually SU(2)×SU(2), rather than U(2)×U(2) as would be for the ABJM theory, it turns out that this does not affect the color structure of the amplitude. Indeed, although extra terms from the subleading part of the gluon contractions appear in individual diagrams (with color factor up to ∼ N −2 ), all such contributions drop out and the final result turns out to be the same as the one of the ABJM case. Therefore, setting N = 2 in eq. (2.9) the result reads
It is very interesting to observe how leading and subleading contributions in (2.9) combine in order to give a result which is completely symmetric in any exchange of external labels. This is manifest in the IR divergent piece and in the finite term. Multiplying this by the tree level four-point superamplitude [29] , we obtain a twoloop superamplitude which is totally antisymmetric under any exchange of external labels. This is consistent with the fact that the theory possesses an underlying three algebra with a four-index structure constant f abcd which is totally antisymmetric.
A superfield computation of the Sudakov form factor
The Sudakov form factor for the ABJ(M) theory in the planar limit has been evaluated up to two loops by Feynman diagrams [50] and by unitarity cuts [49] . In this Section we exploit the previous results to provide an alternative evaluation of the Sudakov form factor based on a supergraph calculation and valid at any order in N.
In ordinary perturbation theory, the evaluation of form factors and scattering amplitudes are intimately connected whenever diagrams contributing to form factors can be obtained from diagrams contributing to amplitudes by simply collapsing free external matter legs into a bubble representing the operator insertion.
This operation is particularly effective in superspace, given the peculiar structure of diagrams contributing to the four-point chiral amplitudes. In fact, since loop contributions always arise from corrections to the quartic superpotential vertex, it turns out that collapsing two free external legs in the supergraphs of Figs. 1, 2 we generate all the two-loop corrections to the form factor of a quadratic matter operator. As a consequence, the loop integrals appearing in the two computations are exactly the same. Only combinatorics and color factors in front of them are different.
More precisely, for ABJ(M) theories we consider the following projection of the superfield form factor
At one loop there is only one single diagram contributing, which comes from collapsing the one-loop diagram of the amplitude. As in the amplitude case [34, 64] , the corresponding integral is O(ǫ), therefore negligible in three dimensions. At two loops, quantum corrections can be read from Figs. 1, 2 where we collapse two free external legs into the insertion of the operator Tr (A 1 B 1 ). In this procedure we discard diagram 1(f ) since it reduction simply does not exist, since it does not have two free external lines.
A simple evaluation of the relevant color factors emerging from each graph leads to the following results (we still indicate (p 1 + p 2 ) 2 ≡ s)
where D and G d integrals are given in eqs. (2.3, 2.5, 2.8). We note that also in ordinary Feynman diagram approach, as it happens in unitarity based calculations, a non-planar diagram D np contributes to determine the final result also in the planar limit.
First, setting M = N and summing all the contributions, we find
Inserting the results (2.3, 2.8) for the two integrals, we obtain the complete form factor at two loops for the ABJM theory
The leading contribution in N coincides with the result of [49] under the identification K = 4πk between the two Chern-Simons levels. For finite N, expression (3.4) represents the complete non-planar result. Curiously, the subleading part combines in such a way that it is proportional to the leading one.
In the generalized unitarity approach the planar two-loop contribution to the Sudakov form factor turns out to be given in terms of a single crossed triangle integral XT (s) (see eq. (4.14) in [49] ). Comparing that result with the present one an interesting relation is obtained among the integrals
More generally, for M = N, summing the previous contributions we obtain the complete form factor for the ABJ theory. In the planar limit, it reads
and agrees with the result of [50] .
Subleading contributions to the light-like Wilson loop
The four-point amplitude for ABJ(M) theories is MHV and in the planar limit it has been proved to match the light-like four-polygon Wilson loop up to two loops. The expectation value of the Wilson loop has been shown to vanish at one loop for any number of cusps [46, 47] and calculated at two loops in the planar limit in [46] for four cusps, and extended to n cusps in [73] . Recently, the four-cusps planar computation has been refined in [74] , with a regularization scheme that preserves uniform transcendentality 3 . The result can be written as W 4 ABJM = W 4 CS + W 4 matter , where in euclidean space
is the contribution from the pure Chern-Simons sector and
is the contribution from the matter sector. Here, we have used the notation x i,j = x i − x j , where x i label the polygon vertices. Summing the two contributions and rescaling the mass regulator asμ 2 = 8πe γ E µ 2 the result reads
2 )
In fact, at this order it coincides with the result for the amplitude, eq. (2.1), both in its divergent and in its non-constant and constant finite parts if we formally identify s = x 
Non-planar diagrams
It is easy to realize that subleading contributions arise at two loops only in the pure Chern-Simons sector. Therefore, we can restrict the analysis to this sector.
We recall that in the planar limit contributions in eq. (4.1) come from the threevertex graph 4 in Fig. 3 and ladder graphs where the exchange of two non-crossing gauge lines appears. All contributions have a leading color factor N 2 . Subleading in N terms originate from two sources: The subleading piece of the vertex diagram of Fig. 3 , whose complete color factor is (N 2 − 1), and new genuinely non-planar diagrams.
In principle, there are five new potential graphs with non- and ε(a, b, c) = ε µνρ a µ b ν c ρ . The integrations over the affine parameters turn out to be finite, so that no regularization is required.
The two integrals are related to the planar ladder diagram by the following identity
This can be understood by observing that the left hand side turns out to be the integral [ds] 4 of an expression which is symmetric under exchanges s 1 ↔ s 2 and s 3 ↔ s 4 . Therefore, the integration region can be also symmetrized as 1 4 [ds] 4 . Moreover, elaborating the numerators and performing simple changes of integration variables, it can be shown that the integrand can be reduced to be the same as the one in I (np) 2 . Exploiting identity (4.6) it is easy to realize that the non-planar combination entering the computation can be rewritten solely in terms of planar contributions, as graphically illustrated in Fig. 4 . The sum of the non-planar integrals is then exactly equal to the sum of planar ladder diagrams appearing in the planar part, but this time with subleading color factor (−1). Therefore, the effect of the new non-planar contributions is simply to modify the original color factor N 2 → (N 2 − 1) in front of the ladder diagrams. This combines nicely with the subleading color factor (N 2 − 1) in front of the vertex diagram, so that the final result at finite N is exactly the same as the planar one (4.1) except for a change in the overall color factor
The result is manifestly maximally transcendental. The expectation value for the the ABJ(M) theories can be easily obtained by adding the contribution (4.2). It is straightforward to see that subleading contributions break the duality between the amplitude and the corresponding Wilson loop, as expected.
Interpretation from non-abelian exponentiation theorem
The simple result highlighted above, in particular the factorization of the complete color factor is not a coincidence, since it has a nice explanation in terms of the socalled non-abelian exponentiation theorem of Wilson loops [65, 66] .
This theorem states that the perturbative computation of the expectation value of a Wilson loop can be rearranged as an exponential where only certain Feynman diagrams appear and with a color factor different from the ordinary one.
More precisely, classifying color graphs in terms of webs of gluon lines, the nonabelian exponentiation theorem states that the Wilson loop expectation value takes the form
where in the exponent the sum is over all loops and at a given order w L is expressed as a sum of "single webs". Using Jacobi identities, such webs can be decomposed into the product of connected webs, as explained in [66] . The corresponding color factor c L is then the one associated to the so-called "color connected diagram" appearing in the decomposition, that is the color diagram containing only one connected web. We can evaluate the Wilson loop for pure Chern-Simons theory by using this prescription. At one loop there is just one diagram and its total contribution vanishes w 1 = 0. Therefore, at two loops where in principle the result would have been given by the combination of one-loop and two-loop webs w 1 and w 2
we have just to take into account w 2 .
There are three single web diagrams at two loops: the planar vertex integral in Fig. 3 , and the non-planar contributions (4.4) and (4.5).
The vertex diagram is already a color connected web, therefore its color factor is c 2 = (N 2 − 1). Decomposing the two non-planar diagrams into products of connected webs as in Fig. 5 their color factor is the one associated to the color connected diagram, that is the diagram containing the three-gluon vertex. Therefore, it is still c 2 = (N 2 −1) as for the planar contribution.
= − + Figure 5 : Web decomposition of a non-planar diagram into one "color connected" web and two connected webs. The color factor c L is the one associated to the first graph.
In principle, this is enough to get the complete answer for the two-loop Wilson loop. In fact, we already know the coefficient of the leading N 2 term in the Wilson loop expectation value from a previous computation. From information obtained from web exponentiation it follows that the total result must be simply (N 2 − 1) times the planar result. This is indeed what we have found by performing an explicit calculation.
We could have computed the complete Wilson loop expectation value using the non-abelian exponentiation theorem from the very beginning. Along with the vertex diagram, we should consider the non-planar diagrams. As stressed above, the latter are not color connected webs and have to be decomposed as in Fig. 5 . In such a decomposition we observe that their color connected component comes with a minus sign. This means that the non-planar diagrams enter the computation of w 2 with the color factor −(N 2 − 1). Taking into account the graphical equation of Fig. 4 , relating the nonplanar integrals with the ladder ones, we see that the final combination of non-planar diagrams is equivalent to the ladder diagram contribution of the planar result, but with color factor (N 2 −1). This is in agreement with the computation of the previous Section.
Conclusions
In this paper we have tackled the problem of evaluating physical observables in U(M)× U(N) ABJ(M) theories for finite M, N. In particular, we have focused on the fourpoint scattering amplitude and, related to it, on the Sudakov form factor and the four-cusp light-like Wilson loop. We have evaluated them up to two loops. Although the most interesting features, like dualities and extra symmetries, are expected to arise in the planar limit, the evaluation of quantities for finite ranks of the gauge groups gives useful information about the complete structure of IR (UV) divergences, also in connection with supergravity amplitudes. Moreover, from results at finite N we can read the quantum corrections to observables in the BLG model. The complete two-loop four-point amplitude that we have obtained for ABJM possesses interesting properties. First of all, at least at two loops double trace partial amplitudes cancel completely in the final result. Moreover, subleading-in-N contributions share with the planar part the same degree of leading IR singularities. These are novelties if compared to the N = 4 SYM case. In fact, given the different color structure of the theory, in four dimensions double trace divergent terms appear already at one loop. Furthermore, non-trivial cancellations of the leading poles in the nonplanar part of the amplitudes occur, which do not seem to have an analogue in the three dimensional ABJM model.
In N = 4 SYM, IR divergences associated to the most subleading-in-N terms have been conjectured to exponentiate and to give rise to the IR structure of the corresponding N = 8 supergravity amplitudes obtained by the double-copy prescription [56] . It would be very interesting to investigate whether the IR divergent contributions exponentiate also for ABJM. This would necessarily require the evaluation of the IR divergent part of the amplitude, at least at the next non-trivial order, that is four loops.
The connection of BLG amplitudes with those of the corresponding N = 16 supergravity via the color/kinematics duality of the gauge theory and the double-copy property of gravity is still to be widely investigated. As discussed in [57] , BLG amplitudes can be written in such a way that BCJ-like relations [16] hold and in principle can be used to construct supergravity amplitudes as double copies of the gauge ones. In particular, this first requires expressing the whole amplitude in terms of a suitable basis of color factors related by Jacobi identities. At tree level the color/kinematics duality states that it is possible to rearrange the amplitude in such a way that the kinematic coefficients associated to those color structures obey a corresponding Jacobi identity. At loop level unitarity allows to reconstruct loop integrals from tree level amplitudes. Applying the aforementioned BCJ relations to these yields a set of constraints which the integrands have to satisfy, mixing in particular planar and non-planar contributions. A convenient way to begin realizing this program in ABJM would be to re-derive our result for the complete four-point amplitude by using a unitarity based approach. This is currently under investigation.
The non-planar contributions to ABJ(M) observables do not spoil the uniform transcendentality of the planar results. This is analogous to what has been observed for N = 4 SYM amplitudes [54] . A. The ABJ(M) theory in N = 2 superspace
Acknowledgements
In three dimensional N = 2 superspace [76] , the field content of the U(M) × U(N) ABJ(M) theories is given in terms of two vector multiplets (V,V ) in the adjoint representation of the first and the second group respectively, coupled to four chiral multiplets (A i ) aā and (B i )ā a carrying a fundamental index i = 1, 2 of a global SU(2) A ×SU(2) B and in the (anti)bifundamental representations of the gauge group ( a andā are indices of the fundamental representation of the first and the second gauge groups, respectively).
In euclidean superspace with the effective action defined as e Γ = e S the action reads S = S CS + S mat (A.1) with
Here K is the Chern-Simons level. It must be an integer, as required by gauge invariance. For superspace conventions we refer to [34, 64] and, in particular, to Appendix B in [45] . In scattering amplitudes the external particles satisfy the free equations of motion
The quantization of the theory can be easily carried out in superspace. After performing gauge fixing (for details, see for instance [77] ), in Landau gauge the super-vector propagators are
whereas the matter propagators read
Going to components, in 3 − 2ǫ dimensions the propagators of the gauge fields A µ ,Â µ are
The vertices employed in our two-loop calculations can be easily read from the action (A.2) and they are given by
B. Non-planar integral
We compute the following integral (we drop the (µ 2 ) 2ǫ factor for convenience)
which emerges as non-planar contribution to the four-point amplitude. Along the calculation we will always make use of the on-shell conditions p
B.1 Integral 1)
In the first term we first concentrate on the k-integration and Completing the squares in the numerator of (B.5) we obtain the sum of two scalar integrals The first integral requires a little bit more of effort. Using Mellin-Barnes representation allows to easily evaluate the α i integrals. After a shift (r 2 ) 2 → (r 2 ) 2−δ we obtain where asterisks denote how many of the first right (left) poles of the Γ functions have to be considered left (right), according to the notation of [78] . Such Barnes integrals can be solved by lemmas (D.12) and (D.37) of [78] . (B.14)
Shifting r 2 → (r 2 ) 1−δ and using Mellin-Barnes representation, for d = 3 − 2ǫ we have Now, selecting poles that give an order δ 0 result leads to a one-fold Mellin-Barnes integral, which can be expanded in ǫ. The one-fold integral vanishes identically, leaving 
